Using 281 pb −1 of data recorded by the CLEO-c detector in e + e − collisions at the ψ(3770), corresponding to 0.78 million D + D − pairs, we investigate the substructure of the decay D + → π − π + π + using the Dalitz plot technique. We find that our data are consistent with the following intermediate states: ρ(770)π + , f 2 (1270)π + , f 0 (1370)π + , f 0 (1500)π + , f 0 (980)π + , and σπ + . We confirm large S wave contributions at low ππ mass. We set upper limits on contributions of other possible intermediate states. We consider three models of the ππ S wave and find that all of them adequately describe our data.
I. INTRODUCTION
The study of charmed meson hadronic decays illuminates light meson spectroscopy. Many of these decays proceed via quasi two-body modes and are subsequently observed as three or more stable particles. In this work our goal is to describe the two-body resonances that contribute to the observed three-body D + → π − π + π + decay. Study of a given state can shed light on different production mechanisms.
We present here a study of charged D decay to three charged pions carried out with the CLEO detector. This mode has been studied previously by E687 [1], E691 [2] , E791 [3] , and FOCUS [4] . The analyses from E791 and FOCUS have roughly the same data size as the one described here, while the E687 and E691 analyses used about an order of magnitude smaller samples and are not discussed further.
E791 uses the isobar technique, where each resonant contribution to the Dalitz plot [5] is modeled as a Breit-Wigner amplitude with a complex phase. This works well for narrow, well separated resonances, but when the resonances are wide and start to overlap, solutions become ambiguous, and unitarity is violated. In contrast, FOCUS uses the K-matrix approach, which gives a description of S wave ππ resonances treating the σ (also known as f 0 (600)) and f 0 (980) contributions in a unified way. While this approach is a step forward, some authors [6] , [7] have claimed that the exact formalism used by FOCUS violates chiral constraints, and might therefore lead to unphysical behavior at low ππ mass, where the S wave is most prominent. Despite the difference in approach the two techniques give a good description of the observed Dalitz plots and agree about the overall contributions of the resonances, as is shown in Table I . Both experiments see that about half of the fit fraction for this decay is explained by a low π + π − mass S wave. We have in hand a comparable sample of D + → π − π + π + decays (inclusion of the charge-conjugate mode is always implicit); we can thus check this somewhat surprising result in a significantly different environment.
E791 and FOCUS are fixed target experiments where D mesons are produced within a momentum range of 10-100 GeV/c. In our experiment D + mesons are produced in the process e + e − → ψ(3770) → D + D − , close to the threshold, and are thus almost at rest. This difference of production environments is important for observation of events from the decay D + → K 0 S π + , which has a large rate and contributes to the same final state. These events are easily removed in the fixed target experiments by requiring all three charged pions to be consistent with a common vertex, and its residual contribution was estimated to be small. We are forced to take a different approach as the lower momentum K 0 S does not produce clearly detached vertexes when K 0 S → π + π − . Nevertheless we are able to clearly isolate the K 0 S π + channel, using the π + π − invariant mass. Our analysis compares several different models for this decay, attempting to find the best description. One is an isobar model where we have included the best description of the σ from Ref. [6] and the Flatté parameterization for the threshold effects on the f 0 (980) [8] . We use two other S wave models, both of which satisfy chiral constraints and respect unitarity. A model by Schechter and his collaborators (Schechter model) [9] is based on the linear sigma model of the chiral symmetric Lagrangian. It includes only the lowest lying ππ S wave resonances, the σ and the f 0 (980). A model by Achasov and his collaborators (Achasov model) [10] is field-theory based and has been developed to describe scattering experiments. We compare the results of these three models of the resonance contributions to the Dalitz plot to see if one description is superior to the others and to understand differences among the models. 
The sum of all fit fractions is not necessarily equal to 100% due to the ignored interference terms. The "S wave π + " entry for E791 is the sum of the three entries above it.
Mode
E791 [3] FOCUS [4] σπ + 46.3 ± 9.2 f 0 (980)π + 6.2 ± 1.4 f 0 (1370)π + 2.3 ± 1.7 S wave π + 54.8 ± 9.5 56.0 ± 3.9 ρ 0 (770)π + 33.6 ± 3.9 30.8 ± 3.9 f 2 (1270)π + 19.4 ± 2.5 11.7 ± 1.9
In Section II we briefly describe the CLEO-c experiment and the basic algorithms of event reconstruction. In Section III we describe the event selection for the Dalitz plot analysis. The formalism of fitting the observed Dalitz plot, and systematic cross-checks are given in Section IV. Appendix VII describes in detail the two π + π − S wave models that we use, some of which are extensions of published theoretical work. We summarize our results in Section V.
II. DETECTOR AND EXPERIMENTAL TECHNIQUE
CLEO-c is a general purpose detector which includes a tracking system for measuring momenta and specific ionization of charged particles, a Ring Imaging Cherenkov detector to aid particle identification, and a CsI calorimeter for detection of electromagnetic showers. These components are immersed in a magnetic field of 1 T, provided by a superconducting solenoid, and surrounded by a muon detector. The CLEO-c detector is described in detail elsewhere [11] .
This analysis utilizes 281 pb −1 of data collected on the ψ(3770) resonance at √ s ≃3773 MeV at the Cornell Electron Storage Ring, corresponding to production of about 0.78 × 10 6 D + D − pairs. We reconstruct the D + → π − π + π + decay using three tracks measured in the tracking system. Charged tracks satisfy standard goodness of fit quality requirements [12] . Pion candidates are required to have specific ionization, dE/dx, in the main drift chamber within four standard deviations of the expected value for a pion at the measured momentum. Tracks coming from the origin must have an impact parameter with respect to the beam spot (in the plane transverse to the beam direction) of less than 5 mm. We do not reconstruct the K 
III. EVENT SELECTION
Selection of events from the D + → π − π + π + decay is done with two signal variables: where E beam is a beam energy, and E D and p D are the energy and momentum of the reconstructed D meson candidate, respectively. The beam crossing angle of ∼4 mrad is used to calculate the D meson candidate energy and momentum in the ψ(3770) center of mass system. We require |∆E| < 2σ(∆E), |m BC − m D | < 2σ(m BC ), where resolutions σ(∆E) = 5.5 ± 0.4 MeV and σ(m BC ) = 1.38 ± 0.03 MeV/c 2 represent the widths of the signal peak in the 2D-distribution shown in Fig. 1 , and the projections, Fig. 2 and Fig. 3 . To determine the efficiency we use a GEANT-based Monte Carlo simulation where one of the charged D meson decays in a signal mode uniformly in phase space, while the other decays to all known modes with relevant branching fractions. Simulated events are required to pass the same selection requirements as data. The shape of the background contribution in the Dalitz analysis is estimated using events from the two hatched side-band boxes shown in Fig. 1 . The sideband boxes are shifted in ∆E to select the background events whose π − π + π + invariant mass range is consistent with the signal box. This selection gives 6991 events in the signal box. From a fit to the m BC distribution, shown in Fig. 2 , we find 2159±18 of these to be background. The K 0 S → π + π − contribution to the sample of events in the signal box is easily seen as a sharp peak in the invariant π + π − mass spectrum shown in Fig. 4 . The K 0 S contribution is well described by a Gaussian shape with resolution σ(m π + π − ) = 3.5 MeV/c 2 both in data and the simulation. 
IV. DALITZ PLOT ANALYSIS

A. Formalism
This Dalitz plot analysis exploits the techniques and formalism described in Ref. [14] that have been applied in many other CLEO analyses. We use an unbinned maximum likelihood fit that minimizes the sum over N events:
where P(x, y) is the probability density function (p.d.f.), depends on the event sample to be fit,
The shapes for the efficiency, ε(x, y), and background, B(x, y), are explicitly x − y symmetric, third order polynomial functions. To account for efficiency loss in the corners of the Dalitz plot, due to low momentum tracks that are not reconstructed, we use three multiplicative threshold functions that drop the efficiency to zero when one of the Dalitz variables x, y, or z is at their maximum values. The background shape parameterization also includes the non-coherent addition of three resonances ρ(770), f 2 (1270), and K 0 S . The signal p.d.f. is proportional to the efficiency-corrected matrix element squared, |M(x, y)| 2 , whose fraction is f sig . We estimate f sig = 0.548 ± 0.013 from the fit to the m BC mass spectrum after removing events of the K 0 S contribution. The background term has a relative (1 − f sig ) fraction. The signal and the background fractions are normalized separately, 1/N S = |M(x, y)| 2 ε(x, y)dxdy, 1/N B = B(x, y)dxdy, which provides the overall p.d.f. normalization, P(x, y)dxdy = 1. The matrix element is a sum of partial amplitudes,
where A R is a mass and spin-dependent function, Ω R is an angular distribution [14] , and F R is the Blatt-Weisskopf angular momentum barrier-penetration factor [15] . In our standard fit the complex factor c R = a R e iφ R is represented by two real numbers, an amplitude a R and a phase φ R . These are included in the list of fit parameters and can be left to float freely or fixed.
For well established resonances, such as ρ(770), f 2 (1270), f 0 (1370), f 0 (1500), f 0 (1710), etc., A R is modeled with the Breit-Wigner function
where m is the π + π − invariant mass, m R and Γ R (m) are the resonance mass and mass dependent width [14] , respectively. The A R parameterization of the f 0 (980), whose mass, m f 0 , is close to the KK production threshold, uses the Flatté [8] formula
where g f 0 ππ and g f 0 KK are the f 0 (980) coupling constants of the resonance to the ππ and KK final states, and ρ ab (m) = 2p a /m is a phase space factor, calculated for the decay products momentum, p a , in the resonance rest frame. We model a low mass ππ S wave, σ or f 0 (600), in a number of ways. To compare our results with E791 we try a simple spin-0 Breit-Wigner. We also tested a complex pole amplitude proposed in Ref. [6] :
where m σ = (0.47 − i0.22) GeV is a pole position in the complex s = m 2 (π + π − ) plane estimated from the results of several experiments. We also consider two comprehensive parameterizations of the low mass ππ S wave. One of them, suggested by J. Schechter, is discussed in Section IV C, and its formalism is presented in Appendix VII A. Another one, suggested by N.N. Achasov, is discussed in Section IV D, and its formalism is presented in Appendix VII B.
B. Fits with Isobar Model
We begin our Dalitz plot analysis by attempting to reproduce the fit results E791 [3] . Our amplitude normalization and sign conventions are different from E791. We therefore compare the phases and fit fractions only. In Fit#1 the contributions from ρ(770)π
, and non-resonant intermediate states are included. Fit#1 gives a probability of ≃ 0. We checked that the inclusion of a σπ contribution, Fit #2, agrees better with the data giving a fit probability of ≃ 20%. We obtain good agreement comparing our results with Fit#1 and Fit#2 discussed in Ref. [3] . Then, we systematically study possible contributions from all known π + π − resonances listed in Ref. [16] : ρ(770), f 2 (1270), f 0 (1370), ρ(1450), f 0 (1500), f 0 (1710), and f 0 (1790). We do not consider f ′ 2 (1525) due to its negligible branching fraction to π + π − . We assume that high mass resonances ρ 3 (1690) and ρ(1700), having non-uniform angular distributions at the edge of the kinematically allowed region, are well enough represented by f 0 (1710), which is a KK dominated resonance. The asymptotic "tails" of other known higher mass resonances, f 2 (1950), f 4 (2050), are effectively accounted for in our fits by the f 0 (1790) contribution. We also include a unitary amplitude parametrization of the π + π + S-wave with isospin I=2 from Ref. [17] . For the f 0 (980) we use the Flatté formula, Eq. 7, with parameters taken from the recent BES II measurement [18] . For the σ we switch to a complex pole amplitude, Eq. 8, rather than the spin-0 Breit-Wigner used by E791.
Starting from the contributions clearly seen in our fit, which is equivalent to Fit#2 of E791 [3] , we add or remove additional resonances one by one in order to improve the consistency between the model and data. We use Pearson's χ 2 statistic criterion [16] for adaptive bins to calculate the probability of consistency between the p.d.f. and the data on the Dalitz plot. The bins are shown in Fig. 6 . We also consider the variation of the log likelihood to judge improvement. We keep a contribution for the next iteration if its amplitude is significant at more than three standard deviations and the phase uncertainty is less than 30
• . Table II shows the list of surviving contributions with their fitted amplitudes 
and phases, and calculated fit fractions. The sum of all fit fractions is 90.1%, and the fit probability is ≃28% for 90 degrees of freedom. The best p.d.f. and the two projections of the Dalitz plot and selected fit components are shown in Figs. 7, 8, and 9. For contributions that are not significant we set upper limits at the 95% confidence level, as shown in Table III . The "N.R." represents a non-resonant contribution which is assumed to populate the Dalitz plot uniformly with a constant phase. 
The systematic uncertainties, shown in Table II , are estimated from numerous fit variations. We study the stability of the nominal fit results by adding or removing degrees of freedom, varying the list of contributions to the Dalitz plot, changing the event selection, and varying the efficiency and background parameterizations. The systematic uncertainty of each fit parameter is estimated as the quadratic sum of the mean and root mean square values of the distribution of the changes in the parameter from its value in the nominal fit. For example for the poorly established resonances f 0 (980), f 0 (1370), and σ pole, we allow their parameters to float and the variations of the other fit parameters contribute to the systematic errors. The nominal and fitted values of these parameters are presented in Table IV . The fit results when the parameters are allowed to float do not vary from the nominal values by more than two standard deviations. 
The isobar model drawbacks are most apparent in the S wave π + π − sector where wide resonances overlap and unitarity is not fulfilled. The model of Joseph Schechter and coworkers in Refs [19] , [9] is based on the meson part of the chiral invariant linear sigma model [20] Lagrangian. Poles are handled using K-matrix regularization which respects unitarity by definition. Details of the parameterization are discussed in Appendix VII A, and here we only summarize the meaning of the fit parameters.
In our isobar model Dalitz plot fit the π + π − S wave is represented by a complex pole for the σ, the Flatté for the f 0 (980) and two Breit-Wigner for the f 0 (1370) and f 0 (1500). Schechter's S wave amplitude, Eq. 22 (Appendix VII A), parameterizes simultaneously the σ mixed with the f 0 (980) in strong and weak interactions. The Schechter model describes the mixed σ and f 0 (980) contributions to the Dalitz plot with seven parameters: the bare masses m σ and m f 0 ; the strong mixing angle ψ between the σ and f 0 (980); the total S wave amplitude a SW and phase φ SW ; and the relative weak amplitude a f 0 and phase φ f 0 of the f 0 (980) with respect to the σ amplitude. A combination of these parameters in the model gives the total π + π − scattering phase, δ(m), and an overall S wave amplitude, A SW , for the σ and f 0 (980) contributions. Operationally we replace the isobar σ and f 0 (980) contributions by the function of Eq. 22 times c SW = a SW e iφ SW . The Breit-Wigner's parameterization is still used for the f 0 (1370) and f 0 (1500).
In an initial fit #S1, shown in Table V , we fix all amplitudes and phases to their values from our isobar model fit, fix the S wave model parameters as in Eq. 19, float the S wave amplitude a SW and phase φ SW , and float the relative f 0 (980) amplitude a f 0 and phase φ f 0 in Eq. 22. This fit gives a probability of 8% which indicates the Schechter model for the S wave is an acceptable description of the data. In a second fit, #S2 in Table V , we start from the parameters obtained in #S1 and allow the bare masses m σ , m f 0 , and the strong mixing phase ψ in Eq. 22 to float. This fit gives a probability of 28% and m σ = (758 ± 36) MeV/c 2 , which is ∼ 3 standard deviations lower than the values obtained in Ref. [19] , as also shown in our Eq. 19. The mass m f 0 and the phase ψ are statistically consistent with the results in Ref. [19] .
Fits #S1 and #S2 are used for an initial assessment of the Schechter S wave parameters relative to the isobar model fit. In a final fit, #S3 in Table V, Figure 12 shows the isolated S wave contribution to the Dalitz plot, and Fig. 13 shows the ππ scattering phase, δ(m), defined in Eq. 20 in Appendix VII A. The total signal contribution is very similar to that shown in Fig. 7 . Figure 14 shows the complex amplitude A SW from Eq. 22 as the real and imaginary parts, the magnitude and complex phase.
Employing the Schechter model changes the fit parameters for the non S wave contribution by less than the systematic uncertainties in the isobar model fit. We also note that the amplitude and fractions of f 0 (1370) and f 0 (1500) tend to be larger in the Schechter model fit. This model gives an acceptable fit probability ∼17% when it is used to describe the σ and f 0 (980) fractions in our data. The S wave fit fraction, (43±12)%, is consistent with a sum of fit fractions from σ, (41.8±1.4±2.5)%, and f 0 (980), (4.1±0.9±0.3)% in the isobar model. We find the Schechter S wave model parameters, listed in Table V, are consistent with the values in Ref. [19] . Our data are consistent with both the isobar and Schechter models. 
D. Achasov Model
In Refs. [21] - [25] and references therein, a ππ S wave interaction is studied for ππ → ππ, ππ → KK, φ → (f 0 − σ)γ → ππγ, and γγ → ππ processes in a manner motivated by field theory. The ππ S wave production and the final state interaction (FSI) mechanism in D meson three-body decays have not yet been considered in the framework of this model. In Ref. [10] the ππ S wave amplitude in D + → π − π + π + decay is discussed. The developed formalism is described in Appendix VII B, and here we only summarize the meaning of the fit parameters. The Achasov model treats the ππ S wave contribution to D
via the sum of a number of amplitudes. There is a contribution from the non-resonant, point-like π − π + π + production amplitude; direct resonance production via the D + → σπ + , D + → f 0 (980)π + ; and the rescattering terms from several intermediate states,
and KK, to the final π + π − state. Our parameterization has an amplitude, a D + Rπ + , and phase, φ D + Rπ + , for the direct resonance production term, accounting for the σ and f 0 components controlled by the coupling constants g D + σπ + and g D + f 0 π + . The contributions from rescattering have amplitudes and phases parametrized by a mode and φ mode plus a parameter from loop diagram contributions, d mode . We explicitly fit for the "mode" = π + π − , π 0 π 0 , and KK rescattering contributions. The contribution from non-resonant π − π + π + is also accoonted for the relevant point-like production amplitude parameter.
We start with the parameters, shown in Table II 
− sub-mode show probability of consistency with the data ∼10%, while models with the π 0 π 0 → π + π − sub-mode are poorly consistent with the data. In three fits we include three or more sub-modes. These have a consistency with the data of ∼10%, but give poor statistical significance for the amplitude parameters. Fit #A1 allows full freedom for all the S wave sub-modes and gives a probability of consistency with the data of ∼19%, with 2-3 standard deviation significance for the amplitude parameters. Its results are shown in Table VI .
We begin again with parameters of Fit #A1 and float or set to zero amplitude the parameters of the f 2 (1270), f 0 (1370), and f 0 (1500) contributions from our isobar fit. In Fit #A2 we float all the S wave parameters and all resonance parameters for the f 2 (1270), f 0 (1370), and f 0 (1500) contributions. Variations of the nominal fit parameters, shown in Table II , are within the range of the isobar model uncertainties. Fit #A3 is like Fit #A2, but the contributions from f 0 (1370) and f 0 (1500) scalar resonances are set to zero. The fit quality change from Fit #A2 to Fit #A3 is small. The S wave of the Achasov model has enough freedom to substitute for the contribution of the f 0 (1370) and f 0 (1500) resonances. The results of these two fits are shown in 
E. Discussion of Models
We have tested three models of the low mass π + π − S wave in D + → π − π + π + , and we find little variation of the parameters describing non S wave contributions. The fit gives similar S wave contributions for all three models. We show this by plotting the relevant complex functions describing the S wave. Figure 18 shows the Flatté and the complexpole parameterizations for f 0 (980) and σ, respectively, for our isobar model fit to the data. Figure 14 shows the results of the Schechter model fit, and Fig. 17 shows the results of the Achasov model fit. In Figs. 19, 20 we compare the ππ S wave amplitude and phase in the accessible mass region from threshold to 1.7 GeV/c 2 for these three models. The solid curve corresponds to the Schechter model fit to our Dalitz plot, the dashed curve is for Achasov model fit, and the ±1σ of the amplitude and phase parameters range of the S wave Table III , are set at 95% confidence level.
We tested other models of the low mass ππ S wave contributions and in each case obtain optimal parameters. In Table V we summarize results for the model suggested by J. Schechter and co-workers [9] , [19] . All fits for this model show consistent values for the parameters. We also apply the S wave model suggested by N.N. Achasov et al. [10] . This model has more freedom in sub-modes than we are confidently able to define with our data. Possible solutions are presented in Table VI . Further progress with this model can be achieved if several D meson decay modes with higher statistics are analyzed simultaneously.
For all ππ S wave models we find that their fit fraction exceeds 50%, and confirm results of previous experiments of a significant contribution from a low mass π + π − S wave in the Table VII compares the fit fractions from the fits to the three models described above. The S wave fit fraction in Achasov model is three standard deviation larger than in the Isobar and Schechter model. The sum of all fit fractions is also larger in Achasov model, that indicates on difference in interference terms. The fit fractions for sub-modes are consistent between these three models. Figures 19 and 20 compare the amplitude and phase, respectively, for the π + π − S wave contribution we have found in the three considered models. With our given data sample all three S wave parameterizations adequately describe the 
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VII. APPENDIX: ALTERNATIVE MODELS OF THE ππ S WAVE
A. Formalism of the ππ S wave suggested by J. Schechter A tree level ππ → ππ scattering amplitude for two resonances σ andσ strongly-mixed with phase ψ is given in Eq. 3.2 of Ref. [19] : 
For the "Isobar" column, the "Low S wave π + " entry is the sum of the two entries above.
Mode Isobar Schechter #S3 Achasov #A2 σπ + 41.8 ± 2.9 f 0 (980)π + 4.1 ± 0.9 Low S wave π + 45.9 ± 3.0 43.4 ± 11.8 75 ± 7 f 0 (1370)π + 2.6 ± 1.9 2.6 ± 1.7 3.2 ± 0.7 f 0 (1500)π + 3.4 ± 1. where
s is the π + π − invariant mass squared, m π and F π =0.131 GeV are the pion mass and the decay constant, m σ and mσ are the bare masses of two scalar resonances, and ψ is a strong mixing angle. We use the original notation of Ref. [19] , the tilde is used for all parameters relating to the second scalar resonance,σ, which in our case is associated with f 0 (980). Equation 9 can be re-written as
where
According to the Dyson equation for the ππ scattering, Eq. 3.3 from Ref. [19] gives an expression for a total scattering amplitude through the tree amplitude:
The scattering amplitude is a complex number,
, then the tree amplitude can be associated with the tangent of the scattering phase,
and we get an expression for cos δ: ]. This phase δ(s) has two discontinuities at s = m 
In order to remove discontinuities we add a phase-shift +π above each bare mass:
where θ(x) is a step function, that makes the phase smooth, as shown in Fig. 13 . In this model the production amplitude is obtained from the total scattering amplitude, Eq. 16, by replacing the first tree level ππ → ππ scattering diagram amplitude, T 
Extending Eq. 21 (Eq. 15 from Ref. [9] ) for the case of two resonances σ and f 0 (980) we get the total production amplitude with relative weak interaction mixing factor a f 0 e iφ f 0
Note, that Eq. 22 does not contain singular terms because both poles are contracted into the P factor from cos δ, Eq. 15 and 18. For the first iteration we set
It should be noted, that in the frame of this model, σ is a scalar ππ resonance which has a bare mass m σ as a parameter. The bare mass does not coincide with a peak position as in case of Breit-Wigner, that is clearly seen in Eq. 19 for the mass of f 0 (980). This simple model does not take in to account that the scalar resonances may have other decay modes, coupled channels. For example, it is well known that f 0 (980) has a KK decay mode with a mass dependent rate as large as ∼20%. Presumably, this amplitude, obtained from the chiral Lagrangian, works well in the region close to the production threshold. In the case of SU(3) symmetry it accounts for the two low mass resonances σ and f 0 (980). Other higher mass resonances such as the f 0 (1370) and f 0 (1500) are not taken into account. These issues restrict the precision and limit the application of this model.
B. Formalism of the ππ S wave suggested by N.N. Achasov
In this section we summarize a suggested formalism [10] for a parameterization of the ππ scalar amplitude in the D + → π − π + π + decay, and present the details of our implementation in the Dalitz plot fitter with some relevant cross-checks. For the D + → π − π + π + decay Ref. [10] suggests the use of a ππ S wave amplitude that is a superposition
of a point-like, A pl , direct resonance, F , and non-resonant production terms, B, C, E, followed by the re-scattering in to the ππ final state. Here we list the definitions of all the sub-amplitudes in Eq. 24. The point-like
− amplitude is associated with a constant a:
After the point-like production one would expect π
π − scattering, which we parametrize as a mass dependent amplitude
Functions L π + π − (m|a, p), T 
It is assumed that the σ and f 0 mesons can be produced directly in the D + → π + σ and D + → π + f 0 decays (we use the "DRπ" notation), with an amplitude of
The point-like D + → π + π 0 π 0 amplitude is associated with another constantā
Subsequent π 0 π 0 → π + π − rescattering may also contribute to the final state via the amplitudeB
In the above equations we assume that q = r = p.
The point-like production amplitudes for
represented by the constants c andc,
Then, two terms account for the relevant rescattering amplitudes
where we assume that offset parameters are equal, t = s.
In above equations we use the function L aā (m|c, d), which represents a contribution from the loop diagram
Below all definitions, required for parametrization of the amplitude in our case, are rewritten from the recent Ref. [25] . 
which can be described by the inelasticity
and resonant phase
The chiral background shielding phase δ ππ B (m), motivated by the σ model, is taken as Eq. 26 from Ref. [25] :
where 2p π = m 2 − 4m 2 π , and (1 + (2p π ) 2 /Λ 2 ) −1 is a cutoff factor. The value of parameters b 0 , b 1 , b 2 , and Λ used in our fits are listed in Table VIII In Eq. 28, 38, and 40 we use a brief notation for the production and scattering resonance amplitudes expressed through the mixing matrix operator G
Note the difference between specific coupling constants and the exponential factor in Eqs. 45 and 46.
The S wave amplitude of KK → ππ scattering, taking in to account mixing through RR ′ resonances (i.e. σ and f 0 (980) mesons) is given by Eq. 3 from Ref. [25] :
where Eq. 4 from Ref.
[25] defines
Equation 28 from Ref. [25] is
where Eq. 36 from Ref. [25] gives
and we find the phase as δ
The value of parameters m 1 , m 2 , and Λ K used in our fits are listed in Table VIII. 5. An exotic I=2 amplitude
According to Ref. [17] the I=2 π + π + → π + π + the rescattering amplitude is given in a unitarian form
The phase shift δ 2 0 (m) is parameterized by
From fit in Ref. [17] to data for the π − p → π 0 π 0 n process in Refs [27] and [28] , the parameters of Eq. 54 are a = (55.21 
In our case we neglect the small D wave scattering amplitude T
The mixing operator G RR ′ (m) is a matrix of inverse propagators, with rank equal to the number of mixed resonances. In case of mixing of two resonances R and R ′ this matrix has the form, following Eq. 5 of Ref. [25] ,
In general, the diagonal elements of this matrix are the inverse propagators
while the non-diagonal elements are polarization operators describing mixing. An expression for the inverse propagator of the scalar resonance is given in Eq. 6 from Ref. [25] ,
takes in to account the finite width correction. After Eq. 5 in Ref. [25] the non-diagonal terms of the polarization operator are given by equation
where the constants C RR ′ take into account effectively the contribution of V V , 4P and other intermediate states and incorporates the subtraction constants for the R → (P P ) → R ′ transitions. Here we use the notation from different publications, [22] - [25] ,
and
Eqs. 7-9 from Ref. [25] (also Ref. [23] , Eq. 30 and Ref. [24] , Eqs. 16, 19, 22) 
The constants g Rab are related to the width, Eq. 11 from Ref. [25] ,
Model parameters
In the mixing operator Eq. 56 we account for seven intermediate states:
We follow the conventions of Ref. [25] for coupling constants, motivated by the four-quark model. For the f 0 (980) and similarly for the σ we use
For the f 0 (980) coupling constants to η (′) η (′) we use
For the σ coupling constants to η (′) η (′) we use
Further we use the values of the parameters shown in Table VIII , which are taken from Fit 1 of Ref. [25] . 
In order to check that the code for this parameterization works properly we reproduce plots from Ref. [25] . δ res (m): We define the δ res (m) as the phase of the complex function S 0 res 0 (m) in Eq. 42. However, this phase has discontinuities in the vicinity of each resonance mass, but not exactly at the resonance mass value. In further calculations we require that the phase is continuous, as shown in Fig. 22 , by adding a phase shift of π above each discontinuity point. This plot is consistent with Fig. 3 in Ref. [25] . Fig. 23 . This plot is consistent with Fig. 4 in Ref. [25] . We also tested all complex functions and their components from Eq. 24. In particular, 
The I=2 π + π + → π 
The "DRπ" sub-mode in Eq. 73 has a redundant freedom for amplitude factors due to the products a D + Rπ + · g D + σπ + and a D + Rπ + · g D + f 0 π + . In our fits we fix a D + Rπ + = 1, or a D + Rπ + = 0 to turn it off, and use coupling constants g D + σπ + and g D + f 0 π + . For a first approximation we try to eliminate the number of free parameters in the function. We assume d π 0 π 0 = d ππ and 
